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The Mathieu group M23 is somehow special when we talk about geometries on
which it acts flag-transitively because few such geometries are known. In this paper,
we construct six rank five geometries on which the Mathieu group M23 acts flag-
transitively and residually weakly primitively (Rwpri).  2001 Academic Press
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1. PRELIMINARIES
In the course of constructing geometries for sporadic groups, the
Mathieu group M23 is somehow special in the sense that few flag-transitive
geometries are known for this group.
One such geometry was constructed by Buekenhout in [1]. It has the
following diagram.
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M22 L3 (4) : 2 24 : (3_S5) 24 : A7
Another rank four geometry, related to the Petersen graph, was con-
structed by Ivanov and Shpectorov in [5]. Its diagram is the following.
According to Francis Buekenhout who relies on a letter, this geometry was
also discovered by Neumaier in 1984.
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In [9], Pasini constructed a rank five geometry for M23 as an extension
of a dual affine space. We give its diagram below.
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In the present paper, we give another geometric construction of the
Pasini geometry 11 . Applying a construction called doubling (see Sec-
tion 3, [6] or [8], 98.2.2) on 11 , we get another geometry for M23 with the
following diagram.
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Then we construct another rank five geometry which has a rank four
truncation in common with 11 and whose diagram is as follows.
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Applying doubling on 12 , we get another geometry for M23 with the
following diagram.
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Finally, we construct a rank five geometry having the following diagram.
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And again, applying doubling on 13 , we get another geometry for M23
with the following diagram.
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The paper is organised as follows. In Section 2, we construct the Pasini
geometry 11 and also the geometries 12 and 13 . In Section 3, we recall
what ‘‘doubling’’ is and we apply this construction to the geometries con-
structed in the previous section.
Let us observe that all these six geometries are residually weakly
primitive (Rwpri) and locally two-transitive (2T1)(see [3] for the defini-
tions).
We assume knowledge of the basics in incidence geometry as they are
given in [2], [7] or [4].
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2. THE GEOMETRIES 11 , 12 , AND 13
Let G be the permutation representation of the Mathieu group M24 on
a set of 24 points 0 _ [x]. Then G0 is isomorphic to the Mathieu group
M23 . The group G is the automorphism group of the Steiner system
S(5, 8, 24) on 0 _ [x] and G0 is the automorphism group of the Steiner
system S(4, 7, 23) obtained by taking as points the 23 points of 0 and as
blocks, the blocks of the S(5, 8, 24) containing x. The blocks or octads of
the S(5, 8, 24) either are contained in 0 or they contain x. If they contain
x, they are blocks or heptads of the Steiner system S(4, 7, 23). The set of
remaining octads of the S(5, 8, 24) (i.e. those that are not containing x) is
denoted by O. From now on, we will denote G0 by G.
2.1. The Geometry 11
We first give another construction of 11 which was first constructed by
Antonio Pasini in [9].
Elements of type 1 (resp. 2, 3, 4, 5) of 11 are the points of 0 (resp. pairs
of points, triples of points, four-tuples of points, elements of O). Incidence
is inclusion.
Theorem 2.1. [9] 11 is a firm and residually connected geometry on
which the Mathieu group M23 acts flag-transitively. The diagram of 11 is as
given in section 1. Moreover, Aut(11)=M23 and 11 is simply connected.
2.2. The Geometry 12
Elements of type 1 (resp. 2, 3, 4, 5) of 12 are a copy 01 of the points of
0 (resp. pairs of points, a copy 03 of the points of 0, four-tuples of points,
elements of O). There are thus 23 (resp. 253, 23, 8855, 506) elements of
type 1 (resp. 2, 3, 4, 5). Incidence is inclusion unless stated otherwise.
An element x3 of type 3 is incident with an element x1 (resp. x2) of type 1
(resp. 2) if and only if x3 {x1 (resp. x3  x2).
Lemma 2.1. 11 and 12 have a rank four truncation in common.
Proof. Straightforward. K
Lemma 2.3. 12 is a firm geometry having 850080 chambers.
Proof. By the construction of 12 , it is straightforward that 12 is a
geometry (i.e. every flag is contained in a chamber). Let us count the number
of chambers. There are 506 elements of type 5. There are 8 elements of
type 1 incident to an element x5 of type 5 since there are 8 points in x5 .
In x5 , there are 7 pairs of points containing a given point x1 of x5 . So there
are 7 elements of type 2 incident with x1 and x5 . Let x2 be such an element.
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There are 6 elements of type 3 that are in x5"x2 . Let x3 be such an element.
Finally, there are 5 sets of four points containing x2 _ [x3] in x5 . So the
number of chambers is 506 } 8 } 7 } 6 } 5=850080. Let us now compute the
orders of 12 in order to show that 12 is firm. We already saw that s4=4.
There are 506 } 8 } ( 76) } 5 flags of type [2, 3, 4, 5]. So s1=1. There are
506 } 8 } 7 } ( 62) flags of type [1, 3, 4, 5]. So s2=1. There are 506 } 8 } 7 } (
6
2)
flags of type [1, 2, 4, 5]. So s3=1. Finally, there are 23 } 22 } 21 } 20 flags of
type[1, 2, 3, 4] and so s5=3.
Lemma 2.3. The Mathieu group M23 acts flag-transitively on 12 .
Proof. Let G be the Mathieu group M23 . This group acts transitively
on O, hence it acts transitively on the elements of type 5. Let x5 be such
an element. The stabilizer Gx5 of x5 in G is a subgroup isomorphic to A8 .
It acts 6-transitively on the eight points of x5 . This implies that it must act
transitively on all chambers containing x5 and thus G is flag-transitive on
12 . K
Lemma 2.4. 12 is residually connected.
Proof. By Theorem 2.1 and by Lemma 2.1 the [1, 2, 4, 5] truncation of
12 is residually connected. Moreover, the residue of an element of type 3
of 12 is isomorphic to the residue of an element of type 1 of 11 . Finally,
the stabilizer of an element of type 3 is isomorphic to M22 which is a
maximal subgroup of M23 . All these arguments put together permit us to
conclude that 12 is residually connected.
Lemma 2.5. Aut(12)=M23 .
Proof. Straightforward by Theorem 2.1 and Lemma 2.2.
Theorem 2.2. 12 is a firm and residually connected geometry on which
the Mathieu group M23 acts flag-transitively. The diagram of 12 is as given
in section 1. Moreover, Aut(12)=M23 .
Proof. Lemmas 2.2, 2.3, 2.4 and 2.5 give part of the proof. As for the
diagram, the most difficult residue to check is of type [4, 5]. Observe that
the stabilizer of a flag of type [1, 2, 3] is the affine group AGL(2, 4) and
that the stabilizer of an element of type 4 (resp. 5) in AGL(2, 4) is of index
20 (resp. 16). This yields the good residue.
2.3. The Geometry 13
Elements of type 1 (resp. 2, 3, 4, 5) of 12 are a copy 01 of the points of
0 (resp. pairs of points, heptads of the S(4, 7, 23), a copy 04 of the points
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of 0, four-tuples of points). There are thus 23 (resp. 253, 253, 23, 8855)
elements of type 1 (resp. 2, 3, 4, 5).
In order to give the incidence relation, we observe that a given four-tuple
of points is contained in exactly one heptad of the S(4, 7, 23). Given a
four-tuple x5 , we denote by (x5) the heptad associated to x5 .
Incidence is the usual inclusion unless stated otherwise. In the following,
xi denotes an element of type i. An element x1 is incident with an element
x4 (resp. x5) if and only if x1 {x4 (resp. x1 # (x5)"x5). An element x2 is
incident with an element x4 (resp. x5) if and only if x4  x2 (resp.
x2 /(x5)"x5). An element x3 is incident with an element x5 if and only if
x3 & x5=(x5)"x5 .
Using arguments as in the previous section, we can prove the following
theorem.
Theorem 2.3. 13 is a firm and residually connected geometry on which
the Mathieu group M23 acts flag-transitively. The diagram of 13 is as given
in section 1. Moreover Aut(13)=M23 .
3. DOUBLING
We now recall the construction described in [6] (see also [8], 98.2.2)
that we call doubling in this paper.
Let I=[1, ..., n]. Let 1=(X, V, t, I ) be a residually connected geometry
of finite rank n3.
Denote by _i (F ) the shadow of a flag F on the elements of type i, for any
i # I.
If there exist two types, say 1 and 2, such that for all elements of
type 2 and for any element x of type i with i # I&[1, 2], either
_1 (x) & _1 (e)=<, or there exists a flag F, incident with e and x, such that
_1 (F )=_1 (x) & _1 (e), then we can construct a new geometry 1 $=
(X$, V$, t$, I ) from 1 in the following way.
v Put X=i # I Si where S i=t&1 (i ) (i # I ). The set of elements X$ of
1 $ is the set i # I S$i where S$i=S i for i{1, 2, and S1_[i] for i=1, 2;
v t$(S$i)=i;
v given x # S$i and y # S$j , with i{ j,
 if i, j  [1, 2], then x # Si and y # S j ; we define x V$ y if and only
if x V y.
 if i # [1, 2] and j  [1, 2], then x=( p, i ) for some p # S1 ; we
define x V$ y if and only if p V y.
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 if i, j # [1, 2], then x=( p, i ) and y=(q, j ) for some p, q # S1 ;
we define x V$ y if and only if p V q in the [1, 2]-truncation of 1.
Suppose the diagram of 1 is as follows, where the diagram on I"[1, 2]
is arbitrary.
Then, the diagram of 1 $ is as follows.
where the diagram on [3, ..., n] is the restriction of that of 1. If
d12= g12=d21=2n+1 then d $12= g$12=d $21=2n+1. Furthermore, 1 $ is
residually connected and if G is a group acting flag-transitively on 1, then
G is also flag-transitive on 1 $. We refer to [6] for the proofs of these
affirmations.
Using doubling, we construct 1 $1 (resp. 1 $2 , 1 $3) from 11 (resp. 12 , 13)
and the proof of the following theorem becomes straightforward.
Theorem 3.1. 1 $i (i=1, 2, or 3) is a firm and residually connected
geometry on which the Mathieu group M23 acts flag-transitively. The
diagram of 1 $i is as given in section 1.
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